Abstract-This note describes a novel frequency-domain approach to identification of mechanical systems with friction on the basis of their periodic steady-state motions. Most importantly, the proposed method does not require acceleration information for its implementation. An interesting feature is that any periodic excitation input with sufficiently large amplitude and/or frequency can ensure the feasibility of the proposed method. We also present some experimental results to illuminate further its practical use.
I. INTRODUCTION
Motion control systems such as machine tools, microelectronics manufacturing equipments, and automatic inspection machines usually exhibit steady-state tracking errors and/or oscillations, if the controllers are designed without considering friction [9] . In this context, friction identification has been one of the important issues in the design of high-performance motion control systems [5] - [8] .
On the other hand, the controllers used for precise tracking of desired trajectories in advanced motion control systems also require the mass information. Hence, identification of the mass is equally important for the full performance of those controllers.
In general, identification methods for mechanical systems with friction can be classified into two categories, online identification methods and offline identification methods [3] . The most well-known online identification methods, which have been applied to mechanical systems with friction, are the least mean squares (LMS) and recursive least squares (RLS) methods. Good convergence properties can be established for the LMS and RLS methods, provided that the persistence of excitation (PE) is met [10] . However, the direct application of these methods to mechanical systems with friction usually requires the acceleration information [3] . Furthermore, it is usually impossible to check before identification process whether or not the PE property can be met. On the other hand, most offline identification methods, which have been applied to mechanical systems with friction, involve acquiring the acceleration information numerically, which can cause a large parameter identification error.
In this note, we present a new offline identification method for mechanical systems with friction. The proposed method is based on a kind of frequency-domain linear regression model, which is derived from the Fourier analysis of the periodic steady-state motions of mechanical systems with friction. Most importantly, the proposed method does not require the acceleration information for its implementation. An interesting feature is that any periodic excitation input with sufficiently large amplitude and/or frequency can ensure the feasibility of the proposed method. For the theoretical completeness of our work, we show that the simple proportional-derivative (PD) controller can ensure the existence of periodic steady-state motions in closed-loop systems under periodic 
II. PRELIMINARY RESULTS
The one-dimensional (1-D) motion of a mass, which moves on a surface with friction, is governed by u control force applied to the mass [1] , [2] .
Specifically speaking, the function F in (1) is modeled as
Here, the function F s presents the slip friction force at nonzero velocity and is continuous except at zero. On the other hand, the stick friction F0
presents the friction force at zero velocity, and its mathematical model is given by
where
Fs(00); if u Fs(00) < 0:
Our main result requires that the motion of the system in (1) to a periodic excitation input exhibits steady-state oscillation. To ensure the existence of steady-state oscillation, the control force u is governed by the following PD controller:
Here, x is the position of the mass, i.e., _ x = v. Moreover, the excitation input r is assumed to be continuously differentiable and T -periodic, i.e., r(t + T ) = r(t); 8t 2 R: (5) In our analysis, we make the following assumptions on the slip friction Fs, which can provide mathematical tractability without loss of the practicality of the friction model. As a matter of fact, all the previously known static models of friction including the Gaussian model and the Lorentzian model [1] , [3] can be easily shown to satisfy the assumptions A1) and A2). Then, the closed-loop system consisting of the system in (1) and the PD controller in (4) can be written as _ z = f(t; z) Az + (t; z) + br(t) (6) where
Here, it should be pointed out that the system in (6) admits a solution in the Carathèodory sense, although its right-hand side is discontinuous with respect to z due to the nature of friction at zero velocity. The proof can be found in [12] . Now, we are ready to state the following theorem.
Theorem 1 (Existence of Periodic Steady-State Solution):
Suppose that the gains of the PD controller in (4) are chosen to satisfy
Then, any solution z of the system in (6) converges to an absolutely continuous T -periodic function
To prove Theorem 1, we need the following two lemmas. Lemma 1: Suppose that the assumption A2) is satisfied. Then 
Similarly, it can be shown that (8) also holds for the other case of v1 < 0 and v 2 = 0.
Lemma 2:
Suppose that all the hypotheses of Theorem 1 are satisfied. Let z 1 (x 1 ; v 1 ) and z 2 (x 2 ; v 2 ) denote, respectively, any two solutions of the system in (6). Then, it holds for any t 0 0 that sup tt
where kz10z2kV Kp=2(x1 0 x2) 2 + m=2(v1 0 v2) 2 denotes a weighted distance between two points z 1 (x 1 ; v 1 ); z 2 (x 2 ; v 2 ) 2 R 2 :
Proof: By Lemma 1 along with (7), the time derivative of the square of the weighted distance between z 1 and z 2 satisfies that for Lemma [14] impies (11) . Now, we are ready to prove Theorem 1.
Proof of Theorem 1:
Define the solution map z(1; t0; z0) = [x(1; t 0 ; z 0 ); v(1; t 0 ; z 0 )] T by z(t; t 0 ; z 0 ) z(t+t 0 ); where z denotes the solution of the system in (6) with the initial condition z(t0) = z0. Then, (10) implies that the above solution map z(1; t0; z0) is well defined and is bounded. Furthermore, the following properties easily follow from Lemma 2 along with the T -periodicity of the right-hand side of the system in (6). z(t; t0 + T; z0) =z(t; t0; z0); 8t 0: (13) z(t; s + t0; z(s; t0; z0)) =z(t + s; t0; z0); 8t; s 0: (14) lim n!1 kz(t;t0;zn) 0 z(t; t0; z 3 )kV =0; 8t 0
where fz n g is any sequence converging to z 3 .
Define Z 3 as the set of all the cluster points of the bounded sequence fz(nT; t 0 ; z 0 ) : n 2 Ng. Then, the well-known Bolzano-Weirstrass theorem [11] implies that Z 3 is nonempty. Now, suppose that z 
On the other hand, (13) and (14) imply that z(t; t0; z(n k T ; t0; z0)) =z(t;t0 + n k T ; z(n k T ; t0; z0)) =z(t + n k T ; t 0 ; z 0 ) 8t 0 and 8k = 1; 2; ...:
Similarly, we can show that z(t + T ; t 0 ; z(n k T; t 0 ; z 0 )) = z(t + n k T ; t 0 ; z(T ; t 0 ; z 0 )) 8t 0 and 8k = 1; 2; ...:
From (15) - (18) 
III. MAIN RESULTS
For mathematical tractability, we assume that the slip friction F s is described by the following linear-in-parameters model with p unknown friction parameters 1 , 11 1, p : 
(v(t)) e(t) 1f(v(t)) + F0(v(t); u(t)):
Here, the function e represents the systematic error due to the effect of the stick friction as well as the model parameterization error of the slip friction.
In our development, we make the following assumptions on the model basis function i , i = 1; ...;p: In addition to the assumptions A3) and A4), we make the following assumption on the excitation input r: A5) the periodic excitation input r is chosen so that 
In particular, assumption A5) is reduced to v min 6 = v max in the case of i , i = 1; ...;p with 3 ( 1; ...; p ) = 0. In other words, it simply requires that the mass should not move at a constant velocity. Note that the only constant-velocity motion of the system in (6) with the periodic input r is no motion. Hence, it is equivalent to the condition that the mass is not always in the stick condition at steady state, that is, v 6 0.
At steady state, the linear regression model in (22) becomes
1f( v(t)) + F 0 ( v(t);
Taking the Fourier series of u, , and e in (25) yields the following linear regression model described in terms of their Fourier series coefficients. In contrast with the regression vector in (22), the regression vector k in (26) can be calculated using only the velocity information without the acceleration information. where
Here, H(s), which is not necessarily causal, is any transfer function satisfying the following condition:
H(jk!) 6 = 0; 8k = 0; 1; 2; . . . :
Observe that sH(s) is proper, if H(s) is strictly proper. Accordingly, the noise effect on computation of k andũ k can be reduced significantly through a proper choice of H(s).
Finally, we can design the optimal estimate 3 by solving the following least-squares optimization problem:
If the matrix M 0M k T k is nonsingular, the optimal estimate(M ) can then be computed aŝ
Here and elsewhere, A H denotes the Hermitian of A. Obviously,(M ) is a real vector.
The following theorem concerns the feasibility of the estimator in (30). Proof: To begin with, observe that
As will be shown soon
Hence, P is nonsingular. By this fact, along with the well-known Parseval's theorem [13] , there exists an integer K > 0 such that Then, the well-known Lebesque Convergence theorem [11] along with the T -periodicity of v implies that 
IV. A PRACTICAL EXAMPLE
In this section, some experimental results are presented to illuminate further the practical use of the proposed method. Before presenting our experimental results, we briefly explain our experimental setup. The schematic diagram of our experimental setup is shown in Fig. 1 .
It is made up of a ball-screw type X-Y positioning mechanism, a servo pack, and a DSPACE system equipped with a custom DSP board and an encoder signal processing board. Here, the ball-screw type X-Y positioning mechanism is drived by two brushless DC motors (BLDCMs), but it suffices to activate only itsX axis for our experimental results. An optical encoder with the resolution of 8192 pulses/rev is mounted on each BLDCM as a position sensor. On the other hand, the pitch of each ball-screw type axis is 2 cm. This implies that the linear resolution is approximately 2:44 2 10 04 cm. The velocity information is obtained using the well-known M=T method based on the encoder signal.
The control gains of the PD controller used to guarantee the existence of steady-state oscillation are chosen as The steady-state responses of the position x, the velocity v, and the control force u of the closed-loop system, which are denoted, respectively, by x, v, and u, are given in Fig. 2 , together with the excitation input r.
In our experimental work, we use, as the parametric model of the slip friction, the asymmetric Coulomb + viscous friction model, which takes the form in (21) The identification results using the asymmetric Coulomb + viscous friction model are summarized in Table I . Finally, we evaluate the accuracy of the experimental identification results in an indirect way. Using the identification results in Table I , we first determine the following simulation model for the closed-loop system consisting of the mechanical system in (1) and the PD controller in (4 
Here, the constantm and the functionF s represent, respectively, the identified values of the mass and the asymmetric Coulomb + viscous friction model with the identified values of model parameters in Table I The controller gains K d and K p are chosen to be the same as before.
Then, the steady-state responses of the closed-loop system obtained from the experiment are compared with those obtained from the simulation using (41) in Fig. 3 . In both simulation and experiment, the periodic excitation input r is chosen as r(t) = 0:01 sin 2=0:5t, which differs from that used for the identification of the model parameters. According to Fig. 3 , the proposed method has identified the model parameters of the X axis positioning system with fairly good accuracy.
V. CONCLUSION
In this note, we have proposed a new method for the identification of mechanical systems with friction, and have demonstrated its practical use through some experimental results. The proposed method does not require the acceleration information for its implementation. Moreover, we have shown that the the feasibility of the proposed method can be ensured under natural conditions. Nonetheless, from a practical point of view, further research toward finding those excitation inputs, which can reduce the effect of the model parameterization error, should be carried out.
